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ABSTRACT

We prove that if the nilpotence class of a p-group is strictly less than pF
then every product of p*-th powers can be written as the p-th power of
an element. Scoppola and Shalev have proven the same thing for groups
of class strictly less than p* — p*—1. They also provide an example which
proves that ours is the best possible result. This is a generalization of the
well known fact that in groups of class strictly less than p every product
of p-powers is again a p-th power. Along the way we prove results of
independent interest on dimension subgroups of p-groups.

1. Introduction

In [Ma], Mann suggested studying p-groups with the property that the product
;lf’l’k nr?jk -+-2P" can be written in the form y for some y for all n and all x4, ..., 7,
in the group. Such groups are sometimes called “power-closed” and we will call
them k-power-closed for the duration of this introduction. In that paper, Mann
studied 1-power-closed groups. The first class of examples of 1-power-closed p-
groups was the regular p-groups and Hall proved this in [Ha]. The next class of
p-groups proven to he 1-power-closed was the groups in which the p—1-st term of
the lower central series is contained in the subgroup generated by the elements of
the form y”. This was proven by Arganbright in [Ar]. Note that this assumption
requires p odd as the first term of the lower central series is the whole group.
Lubotzky and Mann introduced powerful p-groups in [LM]. For odd primes
they are a special case of the groups considered hy Argaunbright, groups in which

Received November 14, 2002



2 L. E. WILSON Isr. J. Math.

the second term of the lower central series (the derived subgroup) is contained
in the subgroup generated by the p-powers. For p = 2, the condition is that the
derived subgroup, the second term of the lower central series, is contained in the
subgroup generated by the 4-th powers. Lubotzky and Mann prove that these
groups are 1-power-closed.

[W1] contains a proof that certain normal subgroups of powerful p-groups
with p odd are also 1-power-closed. This was vastly generalized in [GJ], where
Gongzélez and Jaikin prove that every normal subgroup of one of Arganbright’s
groups (here called “potent™) is 1-power-closed. They also prove that every nor-
mal subgroup of a powerful 2-group which is contained in the subgroup generated
by the squares is also 1-power-closed.

The latest class of examples was provided in [W2]. A p-group in which the
p-th term of the lower central series is contained in the subgroup generated by
the elements y”2 is 1-power-closed, generalizing Lubotzky and Mann’s result on
powerful 2-groups.

In [SS], Scoppola and Shalev prove an important result for general k. Theorem
B of that paper implies that if the nilpotence class of a group is less than (p—1)p*
then the group is (k + 1)-power-closed. They actually prove a slightly stronger
result than this. We provide a slight generalization of their theorem in Section
3 and the main result of this paper is a strengthening of their result by allowing
groups of class less than p*+1,

Power-closed has also been studied in [Sh] and [RS]. However, these papers are
not about finite p-groups and so don't quite fit into our discussion here.

Groups of class strictly less than p are regular. That potent groups are 1-
power-closed is related to the fact that regular groups are, as groups of class less
than p — 1 are regular. The result of [SS] in the case & = 0 is just this fact about
potent groups.

The result of [W2] can be seen as filling in the gap in Arganbright’s result by
generalizing the fact that groups of class p — 1 are regular and hence i-power-
closed. The main result of this paper generalizes this by proving that groups of
class at most p* — 1 are k-power-closed.

In [SS], the authors note that Corollary 3.6 cannot be strengthened very much.
In particular, they give an example of a group of class p* with elements r and
y such that 2" y”k is not of the form =P for any z in the group. Therefore our
result is best possible.
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2. Notation and tools

We will be primarily concerned with the dimension subgroups of a given p-group.
The dimension subgroup series is the fastest descending series of G beginning at
D\ (G) = G such that [D;(G), D,(G)) < Di+;(G) and D;(G)? < D,;(G). Lazard
found a closed form for the dimension subgroups, D;(G) = ]—Lp]Z i (G " Let
us pause now to review the notation.

For a p-group G and a positive integer j the subgroup G¥ is the subgroup
generated hy the elements ¢ for g € G. Commonly, this subgroup will contain
elements not of the form gP . We also recursively define a series of subgroups of
G by B(G) = G and U (G) = (OO(G))P. Tt is clear that GP < BU(G)
but these subgroups need not he equal.

Another important series in the group G is the lower central series. This is the
series defined by 71 (G} = G and 4,41 (G) = [1; (G),G]. For subgroups H and
K of G we define [H,1:;0] = H and [H,K:( + 1] = [[H,K;{], K]. Therefore,
1+1(G) =[G, G:(].

We will make much use of properties of powerful and potent p-groups. If p is
odd then the p-group G is powerful if v, (G) < G? and potent if y,_1 (G) < GP. A
2-group is powerful if 72 (G) < G*. As in Exercise 2.4.i of [DdMS], this condition
is equivalent to the condition that 42 (G) < (G?)2. The following result on potent
and powerful groups is very important to us.

PROPOSITION 2.1: IfG is a powerful or potent p-group then GP* = {r”k :x € G}
for all k. Consequently, 3*)(G) = GP" .

We also require the following result from [GJ].

PROPOSITION 2.2: If G is a potent p-group for an odd prime p and M and N
are normal subgroups of G then (MN)? = MPNF,

A normal subgroup N of G is said to be powerfully embedded in G if [N, G| <
N? for odd primes or if [N,G] < N*if p = 2. Again, for p = 2 it suffices to prove
that [N, G] < (N?2)2. We say that N is potently embedded if [N,G;p — 2] < NP.

One consequence of Lazard’s closed formula for the dimension subgroups is
the following, which is essentially Proposition 11.12 of [DdMS]. We adopt the
notation that n* = [n/p] is the least integer such that pn* > n.

LEMMA 2.3: If G is a finite p-group then D, (G) = v, (G) Dp» (G)P.

Many results on commutators of dimension subgroups are known. FEach is
essentially a consequence of the following result of P. Hall.
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LEMMA 2.4: For any group G, elements x and y of G, prime p, and positive
integer k the following relations hold:

1. (zy)"" = 2" y** modulo v, ((x,3))"" - T (@)’
2. (57,41 = [z g modulo 3 (o, )" T 2 (o, o u])”

One consequence of this result is that if M and /V are normal subgroups of G
then [MP, N] < [M,NJP[N,M;p] and (MN)? < MPNP[M,N,MN;p - 2].

It is a consequence of the Three Subgroup Lemma that [M,yx (N)] < [M, N: k]
for any two normal subgroups M and N of G. The following is Lemma 11.14 of
[DAMS].

LEMMA 2.5: If G is a finite p-group and a and b are positive integers then
1. [Da(G)’ Ty (G)] < [Da (G)s G; b] < Yatb (G) Da+pb(G)a
2. If a > b then [D,(G), Db(G)] < Yatb (G) Datpb(G).

We will need a somewhat more robust result than this, which we prove in the
following lemma. Part (3) of the following is slightly stronger than Lemma 3.2
of [SS]. Note that in our proof we begin our standard practice of writing D, for
Dy (G) and Ty, for v, (G).

LEMMA 2.6: If G is a finite p-group and a. b, and { are positive integers then
1. [Da(G)’ b (G) 5 (’] < Ya+ep (G) Da+ﬂpb(G)'
2. 11 (G), Da{G): € < Yeats (G) De—1)p+1)a+pp{G)-
3. If a > b then [Dy(G), Dy(G); €] < Yatew (G) Dayepy(G). In particular,
Ve (Da(G)) £ 7 (G) Dipie—1)+1)a(G).

Proof:  The Three Subgroup Lemma implies that [D,.Ty: €] < [D,.G; ¢b] and
then (1) follows directly from Lemma 2.5.1.

We prove (2) by induction on (. The case { = 1 is exactly Lemma 2.5.1. We
therefore assume the result holds for ¢ and attempt to prove it for £ + 1. We
know that [y, Dg; € + 1] = [T, De: €], D,) and hence the induction hypothesis
implies that [Ty, Do; € + 1] < [TeassD((e=1)p+1)a+pbr Dal. This last is contained
in the product of [['¢a4s, Da) and [Dyr—1)pt1)atpbr Pal-

Lemma 2.5.1 implies that [T'¢q4s, Do) is contained in T'pi 1046 Dipes1)atns a5
desired. Also, Lemma 2.5.2 implies that [D((('-l)p+1)a+pb,Da] is coutained in
L((e~1)p+2)a+pb Diep+1)atpp- The latter is exactly as desired and the former is
contained in ['(;41)q45 completing the proof of (2).

We will also prove (3) by induction on ¢ and here the case £ =1 is just Lemma
2.5.2. We therefore assume that the result is true for € and prove it for £+ 1. We
know that {Dg, Dy € + 1] = [[Dq. Dy: €], D] and hence the induction hypothesis
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implies that [Dg, Dy: € + 1] < [LayepDateps, Dp). This last is contained in the
product of [T'ay¢p, D] and [Dgyepb, D).

Lemma 2.5.1 implies that [I'q4.¢5, Dp] is contained in T'qy (¢4 1) Dpast (pe+1)p- The
first is exactly as desired and the second is equal to D, yp(¢+1)b+(p—1)(a—b) and
hence contained in Dgipr41)5- Also, Lemma 2.5.2 implies that [Dgyepy, Dy is
contained in I' 4 (pe4 16 Datp(e+1)s- The latter is exactly as desired and the former
is certainly contained in I'y4 (g4 1y. This completes the proof of (3). ]

We now wish to prove a lemma that is a more refined version of Lemmas 2.5
and 2.6. To do so, we will need Theorem 2.3(1) of [SS].

THEOREM 2.7: If G is a finite p-group then

[D1(G).G: ()= [] 7ise (G

ip? >k
Recall that n* = [n/p] is the least integer at least as big as n/p.

LEMMA 2.8: Let G be a finite p-group.
L [Do(G), % (G)] € Yatb (G) Yar+b (G)”Da+,,zb(G) for any positive integers
a and &.
2. [Da(G)s 1 (G)i €] < arer (G)Yar 40 (G) Daypren(G) for any positive
integers a, b, and (.
3. [Da(G) Do(G)] < 7046 (G) 046 (G) Dayp2p(G) Dpagpp(G)  for  any

positive integers a > b.

Proof:  We know that @ < p* for some k. As a consequence of the Three
Subgroup Lemma,

[Da(G), 76 (G)] < [Da(G), G D]
k
=TIt H F’E;/leb (Theorem 2.7)
i=2
k
< Tastl® oy [] Datrrt = Tatslle Dt it

=2

=2

That completes the proof of (1) and provides the base case in an inductive proof
of (2). Assume now that the result holds for (. In order to prove the result for
{+1. it suffices to prove that cach of [Tayep. p)s [szub, Ty, and [Dyyp20p.Tp] is

contained in T'yypq sl D 4p2(r41)s- The first commutator is contained

P
a0+ 1)b
n Togenye
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By Hall’s result,

(T s To] < [Cavseo, To]P[Cor Tan yon: 1]

P p
< Fa*+(g+1)brb+pa*+p€b < Fa*+([+1)bra+(€+l)b-

From (1),

[Da+p2€b~Fb] < Fa+(1z>'-’£+1)bFZ*+(pe-|-1)bDa+p2(e+1)b
< Taier1)plhe 1 eqnypDatrze1)p:

Thus we have proven (2) and now wish to prove (3). We will accomplish this
by proving that if ip/ > b then [2¥,y) € ToqsI%. +6Pa+p26Dpatpy for all z € T,
and y € D,. We will do this by cases on j.

If j = 0 then 2 € T, and the desired result follows from (1). For j = 1,
we have that ip > b and [¢P,y] = [z, y]P modulo 7o ((z, [z, y]))" 1, ({z, [z.9])).
Therefore, [27,y] € [D,,[;]P[Da.Ti; p] and hence it suffices to prove that both of
these subgroups are in the desired subgroup.

By (2),
[Da,Tiip] < Taupilhe piDaypsi < Tagolgn fyDagprs-
By Lemma 2.5.1, [Dg, ;] < TayiDaypi < Daqi and hence by Hall’s result,
[Da, TP <T% ;Db i[Catis Dapis Datitp — 2]
< T2 i Dpatp2ill2at (p41)iDipt1)at2pis Datii D — 2]

by Lemma 2.5.1.
As a > b it follows that a* +b < a + b* and hence TY |, < T?. .. Also,
Dpotp2i < Dpaypy. From Lemma 2.6.2,

Lot p+1)is Datis P — 2] < Tpatiap—1)iD(p2 —p+1)a+(2p2—2p+1)i

= 11a+m’+(p—1)(a+i)Dpa+p2i+(p—1)2(a+'i)

< Tt Dpastph-
Finally, Lemma 2.6.3 implies that
[Dp+1)a+2pir Datit P = 2] £ T(2p-1)a+3p=2)i Dp? —p+1)atp?i

= Lotpitap-1)a+i) Dpatpri+(p-1)2a

< Loy Dpatpb-

This completes the proof for j = 1.
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We now assume j > 1 and ip/ > b. For x € T; and y € D,, Hall's result
implies that [z¥,y] is in [T, Do)”’ Hizl[Da.Fi;p"‘]PJ—k. As a > b, we have
that [T, Da)”” < Dprgatiy < Dprass < Dagpep. Also, for k < j — 2 we have

< D;ﬂ“*‘aﬂ?h < Dp’a-h‘) <

1 — K

that [Dg.Ti:p¥] < Dy yprs and hence [Dg. Tis p*]P

Da+p2b-
It therefore only remains for us to prove that [Dy,Tiip/~!P and [D,. Ty p/]
are in the desired subgroup. For the latter, (2) implies that

et 1 ¥
[Daa Fi~p]] < Fa+p1ir¢;*+pnga+pJ+31 < Fa+bra*+bDa+p2b-

Lemma 2.6.1 implies that [Do,Ti;p/~'] < Tyypi-1;Dg4pr; and hence Hall’s
result implies that

[Da,]_-\i:pj_l]P S FP D2+p1i[ra+p1_1i’Da+P7'i*Da+]7]_li;p — 2]

a+p?—1i

P .
S F(l-‘rb* Dpa+p]+1 i[Fa-f-pj’l‘i* Drl+pj‘iﬂ Da—}—pl"li« p - 2]

As before, a + b* > a* + b and pa + pP T4 > pa + pb so we need only show
that T pp-15 Dagprsr Dagpr—155p — 2] is in the desired subgroup. Lemma 2.5.1
implies that [Toipr-152 Dagyri] < Daagpr=1(p=1)iD(p+1)at2pri @and hence we need
only show that [[yq4 -1 (p—1)is Daspr—1: 2= 2] and [Dpi1yas2pris Dagpr—1i:p— 2]
are contained in the desired subgroup.

Substituting p = 2 these two subgroups become 'y, 0:-1; < Taq < Igyp and
D3gy25+1; € Dagyop. Hence we may assume p > 3 for the rest of the proof.

Lemma 2.6.2 implies that

[F2a+p1"1 (p—l)'i~Da.+pJ—1 P 2]
< Dpatp=12p-3)iD(p2 —pt 1)atpr =1 (2p2—ap+1)i
= Latpitp-1a+(p—3)pr—1i Dpatpr—1 2p2 —ap+ Ditalp-1)2
S TawbDpasps (2p—d)ita(p—1)2
< LagoDpat 2p—-a)pra(p-1)2
= LatbDpatpbt(p—1)2at (p—4)b-
For p > 5, the last is clearly contained in Dp,4pp. For p = 3, this subgroup is

D3ay3b44a—b- As a > b we know 4a — b > 0 and hence Dsgyspraa—b < D3gr3p-
Lemma 2.6.3 implies that

[D(p+1)a+2pn~ Doypr-1:p— 2] < L op—1yaspr—1(3p=2)i D(p2 —p+1)atpr+1i
= Latpite(p—1)(a+pr=11) Dpatprttit(p-1)2a

< Fn—H)D]m +pb
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and this completes the proof of (3) and with it the proof of Lemma 2.8. |

We will be working with the hypothesis that v, (G) < Dpn(G) for some m
and h such that m < p". Under this hypothesis D,,(G) = D,,4+1(G) unless
m is divisible by p. If m is divisible by p then we can only conclude that
Dyn41(G) = Dpt2(G). We require a version of Theorem 2.5.1 of [SS] which
has as its hypothesis that two dimension subgroups are equal. This suffices for
our needs except for one particular case, which we prove.

LEMMA 2.9: If G is a finite p-group such that v, (G) < Dyn(G) with m < p"
then D, (G) = Dp-(G)? if n > m+ 1. If vx (G) < Dpes1(G) then Dy (G) =
D1 (G)P.

Proof: Suppose ['yk < Dye+r. Lemma 2.3 implies that T'px < Tper Dg . and
hence I')x < DZ . due to the following lemma that we will often use without
reference.

LEMMA 2.10: If N is a normal subgroup of a p-group G then N < NP[N,G|M
implies that N < M.

To complete the proof of Lemma 2.9, note that Lemma 2.3 implies that

D, < PkaZk_l < DZkD;]k_l = Dzk_l. [ |

3. Powerful and potent dimension subgroups

Chapter 11 of [DAMS] includes a proof of Lazard’s result that if a finitely gen-
erated pro-p group G satisfies v,, (G) < GP" with m < p" then G is p-adic
analytic. The technique used there is to conclude that D, (G) = D,41(G) for
some n (specifically, n = m if p does not divide m and n = m+1 otherwise, as in
the previous section). Lazard's result is proven by finding that certain subgroups
of G are powerful. The following theorem of David Riley is Theorem 11.5 of
[DAMS].

THEOREM 3.1: If G is a finitely generated pro-p group and Dy,(G) = Dy41(G)
then D;(G) is powerful fori > n— (n+1)/p if p is odd or for i > n if p = 2.

We will give a version of this for odd primes under the hypothesis that 4, (G) <
D (G) withm < p" and find that many more dimension subgroups are powerful.
We will not have use of such a general result on 2-groups, though such a result
can be found in [W3]. where it is of use in discussing 2-groups of given rank. In

Section 5 we will discuss our results in the context of pro-p groups.
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THEOREM 3.2: Ifp is odd and G is a finite p-group such that v,, (G) < Dpn(G)
with m < p" then D;(G) is powerful if i > m/2 and i > m —ph—1.
Proof: For such an z:

Y2 (D;) <T'9iD(pt1y; (Lemma 2.5.2)
< T3l ps1): DY (Lemma 2.3)
< Ty D;

It therefore remains for us to prove that I'y; < Df . However, as 2i > m by
assumption,

Ty < [Dpr,G;2i —m] H pr+2: _m (Theorem 2.7)

h—1
- I-_\21-¢—p"—m H FPJ+2, m’
Hence
h-—1
[y < Hrp1+21 —-m = HD h=11ph=1=1(2i—m}
j=0
— P — P P
- Dp”—1+21'—m - Dz+z (m—ph-1) <D .

A word about the hypothesis that i > m — pP~L. If m < p"~! then results
in this case would normally be handled under the assumption v, (G) < Dpyn
though, of course, our proof goes through entirely.

A very similar argument allows us to conclude that certain dimension sub-
groups are potent.

THEOREM 3.3: If p is odd and G is a finite p-group such that v, (G) < Dy»(G)
with m < p" then D;(G) is potent if i > m/(p— 1) and i > (m —p"~1)/(p — 2).
Proof:  For such an #:

Tp—1 (D,) S F(p~l)iD(p—l)2i (LE’IHID& 263)
< F(P*I)ir(p_l)Zi'Dfp—%i {Lemma 2.3)
< Tp-0i DY

where we use that p is odd.
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It therefore remains for us to prove that I'(,_1); < D?. However,

Lp-1)i < [Dpn,G; (p - HI‘pJ+ (p—1yi—m (Theorem 2.7)

h—1

- F(P Ditph—m H Fpa+(p Di—m’
=0

Hence,
h—1
Cip—1yi < Hrpz+(p Diem = HD h=14ph=i=1((p—1)i—m)
j= j=0
— P —DP P
= Dph-l +(p=1)i-m — Di+(p—2)i—(m—p"‘l) <Di. ®

The previous two arguments can be generalized to give

ProrosITION 3.4: If p is odd and G is a finite p-group such that v, (G)
D,w(G) with m < p" then v (Di(G)) < Dy(G)? if i > m/k and i
(m — 1)/ (k — 1),

IV IA

The proof of the following proposition is essentially the same as the proof
of Theorem B of [SS], though stated more generally. We will give (a slight
generalization of the statement of) Theorem B as a corollary. Recall that we
define U)(G) = G and BEH(G) = (BENG))P. A quite simple induction gives
that 0(G) < D,.(G).

PROPOSITION 3.5: Let G be a finite p-group with p odd. If there exists k such
that y(,_1)pt (G) < Dprs1(G) then Dye+e (G) C {xpl : x € G} for positive integers
l.

Proof:  Under the assumption, Theorem 3.3 implies that D, is potent. Repeated
applications of Lemma 2.9 imply that Djire = U(”)(Dpk) and Proposition 2.1
implies that U(Z)(Dpk) = {x”e : 2 € Dyr}. This completes the proof. ]

COROLLARY 3.6: Let G be a finite p-group with p odd with nilpotence class
c. Let k be the minimal integer such that ¢ < (p — 1)p*. Then Dr+:(G) C
{2P* : z € G} for positive integers (.
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4. Proof of the main result

We will prove the following theorem which is stronger than Proposition 3.5. It
also handles the case of p = 2 which is not addressed in that proposition.

THEOREM 4.1: Let G be a finite p-group such that v« (G) < Dyet1(G) for some
k. Then Dykve-1(G) C {.1"’£ 1 x € G} for positive integers {.

COROLLARY 4.2: Let G be a finite p-group with nilpotence class c. Let k be the
minimal integer such that ¢ < p**!. Then D,i+¢(G) C {afpz : r € G} for positive
integers (.

We will prove this theorem first for odd primes and then when p = 2. The first
instance of this, when k = 1, is a consequence of the main result of [W2].

THEOREM 4.3: Suppose that G is a finite p-group such that v, (G) < G?’. Then
GP ={xP:xr € G}.

Let us now prove that Theorem 4.1 holds with k = 1.

PROPOSITION 4.4: Let G be a finite p-group such that v, (G) < D,2(G). Then
D, (G) € {.rp[ :.x € G} for positive integers €.

Proof:  We first note that D> = T'pe FgG”Q. Our assumption that I';, < D, is
therefore equivalent to the assumption that 'y, < GP*. Also, D, =T',G? and so
our assumption implies that D, = G? = {x? : & € G}. If p is odd then Theorem
3.2 implies that D, is powerful. If p = 2 then G is powerful and standard results
imply that G? is also powerful. Repeated applications of Lemma 2.9 imply that
Dpe = 0Y~1(Dy,) and hence every element of D, is a p‘~!-power of an element
of D, and hence a pl-power of an element of G. ]

We will now work with & > 2. For the sake of convenience, however, we will
replace k by k& — 1.

PROPOSITION 4.5: Let G be a finite p-group with p odd. If ypet1 (G) < Dpr2(G)
for some k with k > 1 then D+t (G) C {1‘73[ : x € G} for positive integers €.

Proof:  We first note that Theorems 3.2 and 3.3 imply that D; is powerful for
i > pk*1/2 and D; is potent for i > p*+!/(p — 1). In particular, Dpe+: is
powerful and D,,« is potent. Also, Lemma 2.9 implies that Dxs1 = ng and
Do = D5k+1~ In particular, I'pesr < D£k+1~

Consider x,y € D,x. Certainly zPy? = (xy)? modulo 72 ({x, )" v, ((x.y))

by Hall’s result. We find that o ((x,y)) < [Dpr, Dpe] < Dope which is potent.
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Lemma 2.5.2 implies that [Dpk, Dpr] < Tk Dipyqypr and so Proposition 2.2
implies that [Dy, Dy P < ngk Dﬁ) e

Also, v, ((x,9)) < vp (Dpr ). Now vp_1 (Dpr) < Tpo1ypr Dip—1y2p+ by Lemma
2.6.3. Therefore, 7, (D,x) < [C(p—1)p* D(p=1)2pk» Dpr]. This latter subgroup is
contained in the product of [['(,_1)px. Dpr] and [D,_1)2pk, Dpi]. We investigate
these two subgroups in turn.

Lemma 2.8.1 implies that

P
[F(p_l)pk,Dpk] < Fpk+1 Fpk—l(p2_p+1)Dp’°(p3—p2+1)
_ Yy
= Fpk+1 FZp’“—i—p’““‘(p(p—3)+1)DPk+2+Pk(Pz(P‘2)+1)

P p p P
< Fpk+1 FQPk Dpk+2 < Dpk_HFka Dpk:+1 .

Lemma 2.8.3 implies that

[Dpsst (p—2)> Dpt]
< Fpk(P2—2P+1)sz(p—l)DPk“Ll(?P—Z)DPkH (p?—2p+1)

= P
- FP"“+p‘“(p(p—3)+1)F2pk+pk(p—s)DP’““ﬂ?’““(p—‘Z)Dp’“+2+pk“(p(p—3)+l)
< Fpk+l ngkDpk+2 < DZIC_H ngk DZI:+1-
As (p—1)* > p— 2 for all primes, this implies that [D,_1)2p¢, D] is contained
in I DV,

Therefore, zPyP € ({(xy)['zpx Dpr+1 )P. We will now prove that (xy)[ope Dpr+r is
potent. Any non-trivial commutator in the generators must have one term from
Dype Dper1. Therefore, yp—y ((y)Tope Dprsr) < [Lopr Dprsr, Dprs p — 2] We will
show that this is contained in ngk D}’: «+1 proving that the subgroup in question
is potent. In fact, we will have proven that Iy« Dkt is potently embedded in
D

Now, [Copk Dprs1y Dpis p—2] < [Copr, Dpri p—2)[Dyis1, Dyr i p— 2] as all of our
subgroups are normal. We consider these two terms in turn.

Lemma 2.6.2 implies that [To,r, Dpr;p — 3] < T'p_1)pk Dprp—1)2. (Notice that
this holds for p = 3 as well.) Hence, [['«, D,x; p— 2] is contained in the product
of [T'(p_1ypk» Dy ] and [Dpr(p_1y2, Dpi]. We have already seen that each of these
is contained in I”z’p,c D;’Hl. Therefore [Ty,r, Dy p — 2] < ngk ngw-

We now will prove that [Dys+1, Dyeip — 2] is contained in Y, D,,,. Lemma
2.6.3 implies that [D,x+1, Dpe;p— 3] is contained in I'pk2p_3) Dpr+1(p—2). (Notice
that this continues to hold if p = 3.) Hence [Dyx+1, Dpe;p — 2] is contained in
the product of [Tk (2p—3y. Dpr] and [Dps+1(p_2), Dpk].

We have already proven that [D(,_oys+1, Dpr] < I"z’kag «+1- Notice that
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LCiop—sypr = Dip—14p—2)p¢ < Lp—1)pr and therefore we already have proven that
[F(Qp_g)pk R Dpk] < ngk ngﬂ .

We have now proven that +”y” is contained in H? for a potent subgroup H of
D,yx. Therefore, rPyP is a p-th power of an element of D,,» and we conclude that
every element of Dg 4 is a p-th power of an element of Dyx. As Dyrsr = D]’: .
every element of D41 is a p-th power, giving the result of the proposition for
(=1.

Repeated applications of Lemma 2.9 imply that Dys+e = BE1(D i), As
D1 is powerful, every element of 3¢=1(D,x41) is a p’~" power of an element,
of Dps+1, and hence a p’ power of an element of Dy |

The proof of Theorem 4.1 will be complete when we have proven it for the
prime 2. This case is divided into two propositions as we will need to use a
different technique which recuires consideration of 2¥~? and we wish to avoid
trouble with fractions by considering k = 1 separately. Notice that we also prove
that certain dimension subgroups are powerful. This cannot be deduced from
Theorem 3.1.

PROPOSITION 4.6: Let G be a finite 2-group such that 44 (G) < Dg(G). Then
Ds3(G) is powerfully embedded in Dy(G) and D4(G) is powerfully embedded in
D3(G). Also, Dy i (G) C {Vz'zi :x € G} for positive integers (.

Proof: Note that Lemma 2.9 implies that Dy = D2 and Dg = D?. In particular,
L, < D3

Lemma 2.8.3 implies that [D3, D3] < TsT'%3Dyg. We will prove that [D3, D] is
contained in (D?)? and this suffices to prove that [Ds, D] < Dj as in Exercise
2.4 of [DAMS].

Lemma 2.3 implies that Djg < T'1oD2 and hence [Ds3, D3] < I'sT'2DZ. The
lemma also implies that Ds < [sD3. Thus D? < [2(D3)%[I'5, D3] < T's(D3)2.
We have thus far proven that [Dj, Dy] < I'5['%(D2)2.

Now I's < [Dg,G] = T[eI'2l'41 by Theorem 2.7 and hence I's < T4T$.
Certainly 't < (D2)? and also I'§ < (I'2)* < D}. We can therefore conclude
that [D3, Dy] < T%(D2)2. As T4 < D2, we have that [D3, Dy] < (D?%)2. There-
fore, D3 is powerfully embedded in D5 and also powerful.

Lemma 2.8.3 implies that [Dy, D3] < T7T2Dy4. Also Dyg < T'14D? by Lemma
2.3. Hence [D4,D3] < I';T2D2. The lemma also implies that D; < TyD3.
Therefore, D? < T2(D3?)%[['7, D3] < I'7(D3?)? and thus [Dy, D3] < T';T%(D3)%.

Now I'; < [Dg,G:3] = I'1)T2T'¢T§ by Theorem 2.7 and hence 'z < T'¢1% < Dj.
Therefore, [Dy. D3] < T2(D?)%. As Ty < D2, we have that [Dg, D3] < (D3)%
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Therefore, Dy is powerfully embedded in D3 and also powerful.
Now consider z,y € D,. Certainly (zy)? = x%y*[y, z)¥. Lemma 2.8.3 implies
that
(D2, Dg] < T4T'iDs < D3D3D;.

Therefore, z2y? € ({xy)D3)?. As [D3, D2] < (D3)%, we know that (zy)Djs is
powerful. Therefore, 232 is the square of an element of Dy and we conclude
that all elements of Dy = D3 are squares of elements of Dy. As Dy is powerful
by the above, every element of U(*~1)(Dy) is a 2°~! power of an element of
D, and hence a 2¢ power of an element of Dy. This completes the proof as
Dyesr = B-1(Dy4) by Lemma 2.9. |

We finish the proof of Theorem 4.1 by handling the general case with p = 2.

PROPOSITION 4.7: Let G be a finite 2-group such that yas+1 (G) < Dar+2(G) for
some k > 2. Then Dyk+1(G) is powerful and Dar+¢(G) C {x?e cz € G}

Proof: Note that Lemma 2.9 implies that Dok+1 = ng and Dgky2 = D§k+1- In
particular, Dyrs1 < D2,
We will first prove that Dyk+: is powerful. Lemma 2.8.3 implies that

[ng-n s D2k+1] < Tkt F§k+1+2kD2k+3 = F2k+2ng+1+2k D§k+2 (Lemma 2.9)
S G- WD

We know that Tget1ygk—1 < [Dor+2, G521 and hence Theorem 2.7 implies
that Torriyoe-t < Porvayor-1T 3 pie N B Hk+2 FQHQ . 42—+ Therefore,
[ye+1 4951 is contained in F2k+2k 1 H"+2 D4k+2k+t_3. This last product is equal
to the largest subgroup, which occurs when i = 3 and hence is D3, pok = Diisr.

Hence

F§k+1+2k < (F2k+2k 1 Djis1)? < (F2k+2k 1) (ngﬂ) [Djesrs 2k+2k—1]
< (T y06-1) " Diiss

< (D3esrpox)? D < (Diess )

IN

Hence [D2k+1,D2k+1] < Tok+e (D§k+1)2'
We know that Tyisz < [Doksz, G;25%1] and hence Theorem 2.7 implies that

k+2
Tyt is contained in Tyrrzporri T, [T, e

2k+2 iyge+1-  Therefore, Tausz is
2

contained in []; +2 DQk Loktnt This product is equal to the largest subgroup,

which occurs when i = 2 and hence is Dyiy1 4 ox < D3y We can therefore now

conclude that [Dyk+1, Dyrs1] < (D3i4,)? and hence Dox+ar is powerful.
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Now consider x,y € Dyx. We know that (zy)? = 22y%[y, z]¥. The commutator
[y, x] is in [Dy«, Dyx] and so we consider this subgroup. Lemma 2.8.3 implies that

2
[Dox, Dak] < TorsrTok ey Dotz = DorerThe o1 D3
2 2 2
S D2k+1 F2k+2k—1 D2k+1 .

Hence x2y? € ({xy)Tge por-1 Dors1)?. We will show that (zy)Tok por—1 Doksr is
powerful and hence conclude that x%y? is the square of an element of Dyx. We
will do this by proving that [['ax ox-1, Dok} and [Dak+1, Dok] are contained in
((Tgk 496~1 Dar+1)?)2.

It is a consequence of the Three Subgroup Lemma that

[ng ,ng +2k—1]
< [Dox, G; 28 4 2871

k
=T rZ..I4 T Th 2.7
= Loktigok-1t orttl gk ygr—140k—2 2k ok=1 40k~ ( eorem )
i=3
k
2 214 4
S P2k+1 2k-—1(D k+1) F k k-1 D k4+1—2 k+1-3 k=2
+ 2 2k 42 2 +2 +2
i=3

2 214 4
= F2k+1+2k—1 (D2k+1) F2k+2k_1D2k+1+2k+2k—2

2 214
= F2k+1+2k—1 (D2k+1 ) F2k+2k_1 .

We proved that [ortipge-1 < I“;k+2,¢_1D§k+, in our proof that Dyks: is
powerful. Therefore, [Tgx 4 ok-1, Dgx] < ((Tgk por~1 Dgrs1)?)2.
Also,

[Dgesr. Dyt] = (D De]
Dzk ng] [DQk,DQk DQL]

(D3
[
[Dgr, Dyi)? [FQk“k 1D2k+1,D2k] (as before)
[
[

ININIA

Dzk DQk] [F2A+2k 1,D2k][ 2k+1,D2k]
DQk Dzk] [F2k+)k 1,D2k][D2k+1,D2A] [DQk-}-l,Dzk D‘)l\+]]

IA

Therefore, [Dye+1, Dyx] is contained in [Dayk, Dox]*[[34 , pi-1, Dox]. We have
already seen that [T'px gx-1,Dox] is contained in ((T'pxyor—1Dor+1)?)? and we
know that [Dax, Dy] is contained in I'2

contained in ((Tyr pgr-1 Dor+1)?)2.

Ik pok- D341 and hence [Dgx, Dac]? is

We have now proven that x?y? is contained in H? for a powerful subgroup H
of Dyk. Therefore, r2y? is the square of an element of Dox and we conclude that
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every element of D%k is the square of an element of D,.. Hence every element of
Dy is a square, giving the result of the proposition for £ = 1.

Repeated applications of Lemma 2.9 imply that Dosse = U (Dyiin). As
Dokt is powerful, every element of U= (Dqkss) is a 271 power of an element
of Dak+1, and hence a 2 power of an element of Dax. ]

5. Pro-p groups

In the introduction, we mentioned Shalev's paper [Sh] which is concerned with
pro-p groups. We would like to discuss our results in this context.

Our results all hold in finitely generated pro-p groups. None of our proofs
relies on finite nilpotence class so no changes need to be made there. The only
remaining concern in translating the proofs is that care occasionally needs to
be taken as certain results only hold up to closures of subgroups. However,
standard results (see [DAMS]) imply that dimension subgroups and terms of the
lower central series and their products are closed. The only other subgroups
we consider are of the form (#)/N where N is an open normal subgroup of G.
Therefore, N has finite index and so ()N is a finite union of closed sets and
therefore closed as well.
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