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A B S T R A C T  

We prove that if the nilpotence class of a p-group is strictly less than pk 
then every product of pk-th powers can be written as the p-th power of 
an element. Scoppola and Shalev have proven the same thing for groups 
of class strictly less than pk _ pt~- 1. They also provide an example which 
proves that ours is the best possihle result. This is a generalization of the 
well known fact that in groups of class strictly less than p every product 
of p-powers is again a p-th power. Along the way we prove results of 
independent interest on dimension subgroups of p-groups. 

1. I n t r o d u c t i o n  

In [Ma], Mann  suggested s tudying p-groups with the proper ty  tha t  the product  

x ~ k x  p~ . . .  x~, ~ call be wr i t ten  m the form yP for some y for all n and all x~ . . . . .  x ,  

in the group, Such groups are sometimes called "power-closed" and we will call 

them k-power-closed fin' the (h |rat ion of this int roduct ion.  In tha t  paper, M a n n  

studied 1-power-closed groups. The first class of examples of 1-power-closed p- 

groups was the regular p-groups and Hall proved this in [Ha]. The next  class of 

p-groups proven to be 1-power-closed was the groups in which the p -  1-st te rm of 

t.he lower central  series is contained in the subgroup generated by the elements of 

the form yP. This was proven by Arganbright  in fAr]. Note tha t  this assmnpt ion  

requires p odd as the first te rm of the lower central  series is the whole group. 

Lubotzky and Mann  introduced powerful p-groups in [LM]. For /)dd primes 

they are a special ease of the groups considered l/y Arganbright ,  groups in which 
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the second term of the lower central series (the derived subgroup) is contained 

in the subgroup generated by the p-powers. For p -- 2, the condition is that the 

derived subgroup, the second term of the lower central series, is contained in the 

subgroup generated by the 4-th powers. Lubotzky and Mann prove that these 

groups are 1-power-closed. 

[W1] contains a proof that certain normal subgroups of powerful p-groups 

with p odd are also 1-power-closed. This was vastly generalized in [GJ], where 

Gonz£1ez and Jaikin prove that  every normal subgroup of one of Arganbright's 

groups (here called "potent") is 1-power-closed. They also prove that every nor- 

real subgroup of a powerful 2-group which is contained in the subgroup generated 

by the squares is also 1-power-closed. 

The latest class of examples was provided in [W2]. A p-group in which the 

p-th term of the lower central series is contained in the subgroup generated by 

the elements yp2 is 1-power-closed, generalizing Lubotzky and Mann's result on 

powerful 2-groups. 

In [SS], Scoppola and Shalev prove an important result for general k. Theorem 

B of that paper implies that if the nilpotence class of a group is less than ( p - 1 ) p  k 

then the group is (k + 1)-power-closed. They actually prove a slightly stronger 

result than this. We provide a slight generalization of their theorem in Section 

3 and the main result of this paper is a strengthening of their result by allowing 

groups of class less than pk+l. 
Power-closed has also been studied in [Sh] and [RS]. However, these papers are 

not about finite p-groups and so don't  quite fit into our discussion here. 

Groups of class strictly less than p are regular. That  potent groups are 1- 

power-closed is related to the fact that regular groups are, as groups of class less 

than p - 1 are regular. The result of [SS] in the case k = 0 is just this fact about 

potent groups. 

The result of [W2] can be seen as filling in the gap in Arganbright's result by 

generalizing the fact that  groups of class p - 1 are regular and hence 1-power- 

closed. The nmin result of this paper generalizes this by proving that groups of 

class at most pk _ 1 are k-power-closed. 

In [SS], the authors note that Corollary 3.6 cannot be strengthened very much. 

In particular, they give an example of a group of class p~" with elements x and 

y such that x pkypk is not of the form z ~ for any z in the group. Therefore our 

result is best possible. 
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2. N o t a t i o n  and too l s  

We will be primarily concerned with the dimension subgroups of a given p-group. 

The dimension subgroup series is the fastest descending series of G beginning at 

DI(G) = G such that [D~(G), Dj(G)] _< Di+j(G) and Di(G) p < Dpi(G). Lazard 

found a closed form for the dimension subgroups, D~,(G) = I-Iip~>_k ?i (G) p~. Let 

us pause now to review the notation. 

For a/)-group G and a positive integer j the subgroup G p~ is the subgroup 

generated by the elements gP~ for g E G. Commonly, this subgroup will contain 

elements not of the form gP~. We also recursively define a series of subgroups of 

G by ~(°)(G) = G and U(e+~)(G) = (U(e)(G)) p. It is clear that G pJ <_ ~3(J)(G) 

but these subgroups need not be equal. 

Another important series in the group G is the lower central series. This is the 

series defined by 31 (G) = G and ~i+l (G) = [7i (G), G]. For subgroups H and 

I f  of a we define [H, I(; 0] = H and [H, I(;C + 1] : [[H, K; f], K]. Therefore, 

"~e+~ (G) = [G, G: C]. 

We will make nmch use of properties of powerful and potent p-groups. If p is 

odd then the p-group G is powerful if?2 (G) < G p and potent if 3,p_1 (G) _< G p. A 

2-group is powerful if ~r2 (G) _< G 4. As in Exercise 2.4.i of [DdMS], this condition 

is equivalent to the condition that 72 (G) _< (G2) 2. The following result on potent 

and powerful groups is very important to us. 

PROPOSITION 2.1: I[ G is a powerful or potent p-group then G p k = { X pk : X E G}  

for all k. Consequently, /3(k)(G) = G p~" . 

We also require the following result from [G J]. 

PROPOSITION 2.2: I f  G is a potent p-group for an odd prime p and ~I and N 

are normal subgroups of G then ( M N )  p = MPN p. 

A normal subgroup N of G is said to be powerfully embedded in G if IN, G] <_ 

N p for odd primes or if IN, G] < N 4 if p = 2. Again, for p = 2 it suffices to prove 

that [N,G] _< (N2) 2. We say that N is potently embedded if [ N , a ; p  - 2] <_ NP. 

One consequence of Lazard's closed fornmla for the dimension subgroups is 

the following, which is essentially Proposition 11.12 of [DdMS]. We adopt the 

notation that n* = In~p] is the least integer such that pn* >_ 7~. 

LEMMA 2.3: I f  G is a finite p-group then D , (G)  = ?~ (G) D , .  (G) p. 

Many results on comlnutators of dimension subgroups are known. Each is 

essentially a consequence of the following result of P. Hall. 
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LEMMA 2.4: For any group G, elements z and y of G, prime p, and positive 
integer k the following relations hold: 

1. (xy) p~ = 2cPky pk modulo 72 ((x, y ) ) p k  k k - ,  

k z k-~ 2. [ x ,  - -  [x,  m o d u l o  • [ L - - ,  ( ( z ,  . 

One consequence of this result is that if M and N are normal subgroups of G 
then [M p, g] <_ [M, N]P[N, M;p] and (MN) p <_ MPNP[M, N, MN;p  - 2]. 

It is a consequence of the Three Subgroup Lemma that [M, 3k (N)] _< [M, N; k] 

for any two normal subgroups M and N of G. The following is Lemma 11.14 of 

[DdMS]. 

LEMMA 2.5: If G is a finite p-group and a and b are positive integers then 

1. [Da(G), ?b (G)] _< [D~(G), G; b] _< %+b (a) D~+pb(a), 
2. Ira >_ b then IDa(G), Db(G)] <_ 7a+b (G)Da+pb(G). 

We will need a somewhat more robust result than this, which we prove in the 

following lemma. Part (3) of the following is slightly stronger than Lemma 3.2 

of [SS]. Note that in our proof we begin our standard practice of writing Dk for 

D~.(G) and Fk for ~. (G). 

LEMMA 2.6: If  G is a finite p-group and a. b, and f are positive integers then 

1. IDa(G), 7b (a )  ; e] _< ~a+eb (G) D~+epb(G), 
2. [% (G), D~(G); t'] <_ 7~a+b (G) D(le_I}p+I)~+~)b(G ), 
3. If  a >_ b then [Da(G),Db(G); C] <_ ?a+eb (G) Da+epb(G). In particular, 

?r (D(,,(G)) < ?~a (G) D(p(e-t)+l)a(a). 

Proof: The Three Subgroup Lennna implies that [D(~, Fb; f] _< [Do., G; gb] and 

then (1) follows directly ti'om Lemma 2.5.1. 

We prove (2) by induction on (. The case {' = 1 is exactly Lemma 2.5.1. We 
therefore assume the result holds for g and attempt to prove it for g + 1. We 

know that [Fb, Da; ( + 1] = [[Fb, Do: g], D(~] and hence the induction hypothesis 

implies that [Fb, D~; ( + 1] _< [Feo+bD((r-~)p+~)~+pb, D~]. This last is contained 

in the product of [FCa+b, D~] and [D((e-l/p+l/a+pb, D,]. 

Lemma 2.5.1 implies that [Fro+b, D~] is contained i n  F(e+l)a+bD(pc+l)a+7) b as 
desired. Also, Lemma 2.5.2 implies that, [D((e-1),+l)~+p~, D,] is contained in 

F((C_l)p+2)a+pbD(ep+l)a+pb. The latter is exactly as desired and the former is 

contained in F(e+l)o+b, completing the proof of (2). 

We will also prove (3) by induction on ( and here the case ~' = 1 is just Lemma 

2.5.2. We therefore assume that the result is true for ( and prove it for f + 1. We 

know that [D,, Db: ( + 1] = [IDa, Db;/~], Db] and hence the induction hypothesis 
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implies that [Da, Db; f + 1] < [['a+ebDa+Cpb, Db]. This last is contained in the 

product of [ r a + e b ,  Db] and [D~+epb, Db]. 
Lemma 2.5.1 implies that [F,+eb, Db] is contained in Fa+ff+l)bDpa+(pg+l)b. The 

first is exactly as desired and the second is equal to Da+p(g+l)b+(p_l)(a_b) and 

hence contained in Da+p(e+l)b. Also, Lemma 2.5.2 implies that [D~+cpb, Db] is 

contained in Pa+(pr+l)bDa+p(f+t)b . The latter is exactly as desired and the former 

is certainly contained in F~+(e+t)b. This completes the proof of (3). I 

We now wish to prove a lemma that is a more refined version of LelnlllaS 2.5 

and 2.6. To do so, we will need Theorem 2.3(1) of [ss]. 

THEOREM 2.7: I f  G is a finite p-group then 

[Dk(G) ,C ; ( ]=  H ~i+e(G) # .  
ip~ >_k 

Recall that n* = [n/p] is the least integer at least as big as nip. 

LEMMA 2.8: Let G be a finite p-group. 

1. [D,(G), 7b (G)] <_ 7a+~ (G) %*+b (G) p D~+p='b(G) for any positive integers 
a and b. 

2. [Da(G),%(G); g] _< %+rb (G) %*+eb (G) p Da+p~eb(G) for any positive 
integers a, b, and (. 

3. [D~(G),Db(G)] <_ %+5 (G) %*+b (C) p D~+p~-b(a)D~,o.+pb(G) for any 

positive integers a >_ b. 

Proo£" We know that a < p~" fbr seine k. As a consequence of the Three 

Subgroup Lemma, 

[Do.(G), % (G)] <_ [Do(G), G; b] 
k 

])* 
= r'<,+,',U:*+~, I-[ rra/,,,l+t, (Thcorem 2.7) 

i =2  

k 

_< H D~+s,b = 
~ 2  

That  completes the proof of (1) and provides tile base case in an inductive proof 

of (2). Assume now that the result hohls for ('. In order to prove the result for 

/ '+ 1, it suffices to prove that each of [F~+~b, Fb], [FP.+~b , Pb], and [Da+p2rb, Fb] is 

contained ill F,,+(c+ l)bFll. +(r+ ,)bD,+s, 2 (r+j)~. Tile first commutator is contained 

ill P,~+(~+l) b. 
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By Hall's result, 

F p [ a*+eb, rb] _< [ra*+eb, 
< Fa,+(f+l)bPb+pa*Wpeb ~ P -- Fa*+(g+l)bFa+(g+l)b" 

From (1), 

[Da+p2Cb, Fb] < ~ P -- Fa+(p-e+l)bPa*+(pe+l)bDa+p2(e+l)b 

_ F r p  r ~  2 a+(¢+l)bia*+(g+l)bUa+p (e+l )b"  

Thus we have proven (2) and now wish to prove (3). We will accomplish this 
_ P~ P 2 by proving that if ild > b then [x , y] E Fa+bFa.+bDa+p bDpa+pb for all x E F~ 

and y C Da. We will do this by cases on j .  

I f j  = 0 then x E Fb and the desired result follows from (1). For j = 1, 

we have that ip >_ b and [x p, y] =-. [x, y]P modulo "~2 ((x, Ix, y]})P 7p ((X, [X~ YD)" 

Therefore, [x p, y] E [Da, Fi]P[Da, Fi; p] and hence it suffices to prove that both of 

these subgroups are in the desired subgroup. 

By (2), 

[Da, ri;  p] < • p < P -- Fa+P ~ F a* -I-pi Da+pZ i _ Pa+b~ a* +bDa+p 2 b" 

By Lemma 2.5.1, IDa, F i] _< F~+iD~+pi < Da+~ and hence by Hall's result, 

p p 
IDa, Fi] p < •a+iDa+pi [Fa+i' Da+pi, D~+~; p - 2] 

< _ FPa+iDpa+p2~[F2a+(p+l)iD(p+l)a+2pi, Da+i;p - 2] 

by Lemma 2.5.1. 
p p As a > b it follows that a* + b _< a + b* and hence F~+ i <_ Fa.+b. Also, 

Dpa+p2i < Dpa+pb. From Lemma 2.6.2, 

[F2a+(p+l)~, Da+i; p - 2] _< Fpa+(2p_l)iD(p2_p+l)a+(2p2_2p+l)i 

~- Fa+pi+(p_l)(a+i)Dpa+p2i+(p_l)2(a+i) 

Fa+bDpa+pb. 

Finally, Lemma 2.6.3 implies that 

[D(p+l)~+2pi, D~+i; p - 2] < F(2p_l)~+(3p_2)iD(p~_p+l)~+p2i 

= Pa+pi+2(p_l)(a+i)Dpa+p2i+(p_l)2a 

Fa+bDpa+pb • 

This completes the proof for j = 1. 
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We now assume j > 1 and ip j _> b. For x C Fi and y E D~, Hall's result 

implies tha t  [xP3,y] is ill [Fi,Da] pJ I]~.=l[Da, Fi;p~'] p~-k. As a >_ b, we have 

tha t  [Fi, D~] p~ < Dp~(~+i) <_ Dp~,+b <_ D~+p~b. Also, for k _< j -  2 we have 
tha t  [Da, F~:p k] _< D~+pk~ and hence [D~,r~;pk] pJ-k <_ Dp~-k~+p~, <_ Dp~,+b <_ 

Da+p2 b. 
It therefore only remains for us to prove tha t  [Da,F~;pg-~] p and [D~,F~;p J] 

are ill the desired subgroup. For the latter, (2) implies tha t  

p p 
[Da, Fi :p j] <_ F.+p~ iFa. +p3 iDa+pJ+"-~ <- Fc'+bFa* +bDa+p 2 b. 

Lemma 2.6.1 implies tha t  [D . ,F i ; p  j - l ]  _< Fa+pJ-~iDa+pJ~ and hence Hall's 

result implies that  

[ D a ' F i : p j - 1 ]  p -< ['a+pJ-~iP DPa+pJ i[Fa+pJ-~i ,Da+p3i ,Da+p3-1i;p  - 2] 

< F~. b.D.~+.,~+li[F~+.~-,~ D,~+~¢~, Da+pJ-li; p - 2]. 

As before, a + b* _> cl* + b and pa + ' ~ + ' i  > pa + pb so we need only show 

tha t  IFa+p~-~. Da+pJ i, D,~+p~-~i;p - 21 is in the desired subgroup. Lemma 2.5.1 

implies tha t  [F~,+p~-~i, Do+7,~i] < F2~+p~-~(p-1)~D(;+l)~+.2;~i and hence we need 
only show that  [F.)~+p~-~ (p_ a)i. D,+p~-, ~; p -  2] and [D(p+ ~/~+2;~ ~, Da+p~-,  ~; p -  2] 

are contained in the desired subgroup. 

Substi tuting p = 2 these two subgroups become F.)~+2~-~i < F2~ < Fa+b and 

D3a+2~+l i < D2a+2 b. Hence we may assume p _> 3 for the rest of the proof. 

Lemma 2.6.2 implies tha t  

[F2a+p~-' (p- 1 )i , Da4 - p3  - '  i; P - 2] 

Fpa+pj-1 (2p- 3)i D(p 2 --p+ l )a+p) - ~ (2p~--4p+ 1 )i 

~ a +p~ i +(p-- 1)a+(p-- 3 )p~ - ~ i Dpa+p) - ~ (2p 2 -4p+ l ) i +a(p- l ) 2 

<_ P~+~D;,+~; ( 2p-4)i+a(p- 1)~ 

Fa+bDpa+(2p-4)b+a(p-1)~ 

ra+bDpa+pb+(p_ l )2a+(p_4) b. 

For p _> 5, the last is clearly contained in Dpa+pb. For p = 3, this subgroup is 

D3a+3b+4a-b. As o _~ b we know 4 a -  b _> 0 and hence D3a+3b+4a-b (_ D3a+3b. 

Lemma 2.6.3 imt)lies tha t  

[D(p+l)a+2p9 i, Da+p~ - - 1  i; P -- 2] __< F(2p_l)a+p~ -~ (3p_2)iD(pz pT1)a+p,~+t i 

Fa+p9 i+2(p- 1) (a+p3 -1 i) Op,~+p~+~ i+(p- 1)2a 

_< F,+bDp,+pb 
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and this completes the proof of (3) and with it the proof of Lemma 2.8. | 

We will be working with the hypothesis that ~m (G) <_ Dph(G) for some m 

and h such that m < ph. Under this hypothesis Dm(G ) = Dm+I(G) unless 

m is divisible by p. If m is divisible by p then we can only conclude that  

Dm+I(G)  = D~+2(G) .  We require a version of Theorem 2.5.1 of [SS] which 

has as its hypothesis that  two dimension subgroups are equal. This suffices for 

our needs except for one particular case, which we prove. 

LEMMA 2.9: I f  G is a finite p-group such that 7m (G) <_ Dp~(G) with m < ph 

then D~(G)  = D n . ( a )  p i f  n >_ m +  1. I f  Tpk (G) <_ Dpk+~(G) then Dpk(G) = 

Dpk-1 (a )  p. 

Proo~ Suppose Fpk <_ Dp~+~. Lemma 2.3 implies that  Fp~ <_ Fpk+~ D~k and 

P due to the following lemma that  we will often use without hence Fpk < Dpk 

reference. 

LEMMA 2.10: I f  N is a normal subgroup of  a p-group G then N < N P [ N , G ] M  

implies that  N <_ M .  

To complete the proof of Lemma 2.9, note that  Lemma 2.3 implies that  

Dpk < Fpk DPk 1 < P P -= DP 
_ p - _ DpkDpk-~ pk-~. | 

3. Powerful and potent dimension subgroups 

Chapter  11 of [DdMS] includes a proof of Lazard's result that  if a finitely gem 

crated pro-p group G satisfies %, (G) _< G ph with m < ph then G is p-adie 

analytic. The technique used there is to conclude that  D,,(G) = D,~+I(G) for 

some ~t (specifically, n = m if p does not divide m and 72 = m + 1 otherwise, as ill 

the previous section). Lazard's  result is proven by finding that  certain subgroups 

of G are powerful. The following t heorenl of David Riley is Theorem 11.5 of 

[DdMS]. 

THEOREM 3.1: I f  G is a finitely generated l)ro-p group and D,~(G) = D,~+I(G) 

then D.i(G) is powerfnl  for i > r~ - (n + 1)/p i f  p is odd or for i >_ ~ i f  p = 2. 

We will give a version of this fbr odd primes under the hypothesis that  ?m. (G) _< 

D/~ (G) with .m < ph and find that  mmly more dimension subgroups are powerfifl. 

\V(, will not have use of such a general result on 2-groups, though such a result 

(.all be found in [W3]. where i~ is of use in discussing 2-groups of given rank. Ill 

Section 5 we will discuss our results in the context of pro-p groups. 
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THEOREM 3.2: I f  p is odd and G is a finite p-group such that %~ (G) <_ Dph (G) 

~qth m < ph then Di(G) is powerful i f  i >_ m / 2  and i >_ m _ ph-1.  

Proof: For such an i: 

72 (Di) <_ F2iD(p+l)i (Lemma 2.5.2) 
<_ F2iF(v+I)i Dp (Lemma 2.3) 

<_ F2~Dy. 

It  therefore remains for us to prove that  r2i _< D~. However, as 2i > m by 

assumption, 

h 

F2i < [Dph G; 2i - m] = I - [  P p h - ~  (Theorem 2.7) 
- -  ' 1 1 - - P J  + 2 i - - ~  

j=O 

h - 1  

- -  F 2 ~ + p h - m  H Fph-) - -  p) + 2 ~ - m "  

j=0 

h - 1  h - 1  

Hence 

-- FPh-J < H Dp F2.~ < H -p3 +2,i--~7 -- ph-1 +ph-j--~ (2i--m) 
j = 0  j = 0  

= D p -- D p < D~. | ph_l+2i_rn -- i+i_(7~_ph-1) -- 

A woM about the hypothesis that  i >_ m -  ph-1. If m < ph- I  then results 

in this case would normally be handled under the assumption ~,, (G) <_ Dph-, 

though, of course, our proof goes through entirely. 

A very similar argtnuent allows us to ('onclude that  eertMn dimension sub- 

groups are potent. 

THEOREM 3.3: I f  p is odd and G is a finito p-group such that 7,~ (G) < Dph (G) 

with m < ph then Di(G)  is potent  i f  i >_ m / ( p  - 1) and i >_ ('m - ph -1 ) / (p  _ 2). 

Proo~ For such an i: 

"~p-1 (Di) <_ Ftp-1)iD(p-1)2i (Lemma 2.6.3) 

2 P (Lennna 2.3) _< F(p_~)iF(p-~) iD(p_2)i 
<_ F(p-1)iD p 

where we use that  p is odd. 
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It therefore remains for us to prove that F(p_l)i _< D~. However, 

Hence, 

h 

F(p-1)i < [D,h, G; (p - 1)i - m] = H r~ -~  (Theorem 2.7) --  --p3 + ( p -  1 ) i - m  
j=O 

h-1 

--p3 +(p-- 1)i--m" 
j=o 

h-1  h -1  

F(p_l ) i  < H r p h - j  < H Dp -- ~pJ+(p--1)i--m -- ph-*+ph-j-l((p--1)i--ra) 
j =o j =o 

= D p _ D p <_ ph--lT(p--1)i--m-- i-t-(p--2)i--(m--p h-1 ) ~ "  

The previous two arguments can be generalized to give 

PROPOSITION 3.4: I f  p is odd and G is a finite p-group such that ~/,~ (G) < 

Dph(G) with m < ph then 7k(Di(G)) ~ Di(G) p if  i ~ ta lk  and i > 
(m - ph-1) / (k  -- 1). 

The proof of the following proposition is essentially the same as the proof 
of Theorem B of [SS], though stated more generally. We will give (a slight 
generalization of the statement of) Theorem B as a corollary. Recall that we 

define ti(°)(G) = G and U(i+I)(G) = (~(i)(G))P. A quite simple induction gives 
that U(i)(G) < Dp~ (G). 

PROPOSITION 3.5: Let G be a finite p-group with p odd. I f  there exists k such 

that •(p_l)pk (G) __< Dpk+l (G) then Dpk+e (G) C_ {x p~ : x 6 G} for positive integers 

e. 

Proo~ Under the assumption, Theorem 3.3 implies that Dpk is potent. Repeated 

applications of Lemma 2.9 imply that Dpk+e = [i(e)(Dp~) and Proposition 2.1 
implies that ~(e)(Dpk) = {x pe : x E Dpk }. This completes the proof. | 

COROLLARY 3.6: Let G be a finite p-group with p odd with nilpotence class 

c. Let k be tile minimal integer such that c < (p - 1)p k. Then Dp~+e(G) C_ 

{x pe : x 6 G} for positive integers ~. 
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4. P r o o f  o f  t h e  m a i n  re su l t  

We will prove the following theorem which is stronger than Proposition 3.5. It  

also handles the case of p = 2 which is not addressed in that  proposition. 

THEOREM 4.1: Let G be a [inite p-group such that 7p~ (G) < Dpk+~ (G) for some 

k. Then Dpk+~-~ (G) C_ {.rP ~ : .r C G} for positive integers ~. 

COROLLARY 4.2: Let G be a tlnite p-group with nilpotence c/ass c. Let k be the 

minimal integer such that c < pk+l. Then Dpk+e (G) C_ {x pe : x ~ G} for positive 

integers ('. 

We will prove this theorem first for odd primes and then when p = 2, The first 

instance of this, when k = 1, is a consequence of the main result of [W2]. 

THEOREM 4.3: Suppose that G is a finite p-group such that "?p (G) <_ G p~. Then 
a p  = { z~  : :c ~ a } .  

Let us now prove that  Theorem 4.1 holds with k = 1. 

PROPOSITION 4.4: Let G be a finite p-group such that % (G) <_ Dp~ (G). Then 
Dpe (G) C_ {xP e : x E G} for positive intege,w f. 

Proof: We first note that  Dp2 = Fp~FPpG p~. Our assumption that  ['p <_ Dp~ is 

therefore equivalent to the assumption that  Fp _< G p'~. Also, D v = FpG p and so 

our assumption implies that  Dp = G p = {x p : x E G}. If p is odd then Theorem 

3.2 implies that  Dp is powerflfl. If p = 2 then G is powerful and standard results 

imply that  G 9 is also powerful. Repeated applications of Lemma 2.9 imply that  

Dpe = ~(¢-I)(DB) and hence every element of D~,~ is a pC-l-power of an element 

of D v and hence a pC-power of an element of G. | 

We will now work with k > 2. For the sake of convenience, however, we will 

replace k by k - 1. 

PROPOSITION 4.5: Let G be a tlnite p-group with p odd. If'~pk+l (G) <_ Dp~+2 (G) 

for some k with k >_ 1 then Dpk+e (G) C_ {2t "pc : X C G} for positive integers f. 

Proof: We first note that  Theorems 3.2 and 3.3 imply that  Di is powerful for 

i >_ pA:+l/2 and Di is potent for i > p k + l / ( p _  1). In particular, Dpk+, is 

powerful and D2pk is potent.. Also, Lemma 2.9 implies that  Dpk+, = DPpk and 
p Dvk+2 = D p~,k+l • In particular, Fpk+~ _< Dp~+,. 

Consider x, y C Dpk. Certainly xPy p =_ (xy) p modulo 72 ((x, y))P 7p ((x, y)) 

by Hall 's result. We find that  Y2 ((x, g)) < [Dpk, Dpk] < D~pk which is potent. 
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Lemma 2.5.2 implies that [Dp~,Dp~] < F2pkD(p+l)p~ and so Proposition 2.2 
implies that [Dpk,Dp~] p < P P . -- F2p~D(p+l)pa 

Also, ~ ((x,y)) <_ .~ (Dpk). Now 7~-1 (D,~) < r(p_l)p~D(,_l):p~ by Lemma 
2.6.3. Therefore, %(Opt)<_ [r(p_l)p~D(p_l)~p~,Dp~]. This latter subgroup is 
contained in the product of [F(p_l)p~, Dp~] and [D(p-1)~pk, Dp~]. We investigate 

these two subgroups in turn. 

Lemma 2.8.1 implies that 

[F(p_l)p~ D p k ]  < F r~P n __ pk+ lpk_~(p2_p+l)lJpk(pa_p2q_l) 

~---- Fpk+~ ~Ppk+pk_~ (p(p_3)+l)Opk+2+pk(p~(p_2)+l) 

< Fpk+l ~P2p k Dp~+~ < liP FP riP 

Lemma 2.8.3 implies that 

[Dpk+~ (p- 2), Dpk ] 

< Fp~. p2 2 p + l  FPkI~  .,D-k+~(2- 2~D-k+ ~ --  ( - ) t, t t , - ~ j  ~ ~ -  , ,- (P 2 - 2 p + 1 )  

~- Fpk+X +pt: ( p ( p - 3 ) +  1) FPpk _l_pt: ( p - 3 )  Opt:+2 +pk+l ( p - 2 )  Dpk+2 +pk+t ( p ( p - 3 ) +  1 ) 

P TIP FP  F}P 
Fp~+~ F2p~ Dp~+e __ __ ~pk+l ~2pk ~pk+~ • 

As (p - 1) 2 > p - 2 for all primes, this implies that [D(p_l)2pk, Dpk] is contained 
P P . in F2p k Dpk+~ 

Therefore, xPy p E ((:ry)r2pkDpk+,)P. We will now prove that (xy}r2pk Dpk+, is 
potent. Any non-triviM conmmtator in the generators must have one term from 

r2pkDpk+l. Therefore, 7p-, ((:cy)r2pkDpk+,) <_ [C2pkDp~+,,Dp~.;p- 2]. We will 
show that this is contained in F2pkDpk+~P P proving that the subgroup in question 

is potent. In fact, we will have proven that F2pkDpk+1 is potently embedded in 

Dpk . 

Now, [F2pk Dpk+~, Dpk ;p-- 2] < [F2pk, Dpk; p-- 2][Dpk+~, Dpk ;p-- 2] as all of our 

subgroups are normal. We consider these two terms in turn. 

Lemma 2.6.2 implies that [I~2pk, Dpk;p - 3] _< F(p_l)pk Dpk(p_l)2. (Notice that 

this holds for p = 3 as well.) Hence, [F2pk, Dpk;p--2] is contained in the product 

of [F(p_])pk, Dpk] and [Dpk(p_D2, Dpk]. We have already seen that each of these 

P D p Therefore [F2pk, Dpk;p-  2] < FPpkDpk+~ is contained in F2p k pk+~. P • 
P P We now will prove that [Dpk+~, Dpk;p -- 2] is contained in F2pk Dpk+~. Lemma 

2.6.3 implies that [Dpk+~, Dpk;p--3] is contained in Fpk(2p_3)Dpk+~(p_9). (Notice 

that this continues to hold if p = 3.) Hence [Dpk+l,Dpk;p- 2] is contained in 

the product of [Fpk(2p_3), Dpk ] and [Dpk+~ (p-2), Dpk ]. 
We have already proven that [D(p_2)pk+~ Dp~] < FPpk P , _ Dpk+~. Notice that 
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F(2p_a)pk = ['(p_l+p_2)pk ~ F ( p _ l ) p k  and therefore we already have proven that 
[F(.2p_3b,.,Dpk ] < PP nP 

_ - - 2 p k  ~ p ~ + l  - 

We have now proven that .rP9 p is contained in H p for a potent subgroup H of 

Opt.. Therefore, xP9 p is a p-th power of an element of Dp~. and we conclude that 

every element of DlPk is a p-th power of an element of Dpk. As Dpk+a = D p pk , 

every element of DpA.+t i s  a p-th power, giving the result of the proposition for 

( = 1 .  

Repeated applications of Lenmm 2.9 imply that Dpk+e = ~(e-1)(Dp~,+~). As 
Dpk+~ is powerful, every element of U(e-n(Dpk+~ ) is a pr-i  power of an element 

of Dp~.+l, and hence a pC power of an element of Dp,. | 

The proof of Theorem 4.1 will be complete when we have proven it for the 

prime 2. This case is divided into two propositions as we will need to use a 

different, technique which requires consideration of 2 ~-2 and we wish to avoid 

trouble with fractions by considering k = 1 separately. Notice that we also prove 

that certain dimension subgroups are powerful. This cannot be deduced from 

Theorem 3.1. 

PROPOSITION 4.6: Let G be a finite 2-group such that ")'4 (G) < Ds(G). Then 

D3(G) is powerful(v embedded in D2(G) and D4(G) is powerful(v embedded in 
Da(G). Also, D2e+~ (G) C_ {x 2e : ~r ~ G} for positive intege~ (. 

Proof." Note that Lemma 2.9 implies that D4 = D~ and D8 = D~. In particular, 

F4 _< D~. 

Lemma 2.8.3 implies that IDa, D2] _< rsr42D10. We will prove that [D3, D2] is 
contained in (D~) 2 and this suffices to prove that [Da, D2] _< D~ as in Exercise 

2.4.i of [DdMS]. 
Lemma 2.3 implies that Dl0 < Pl0D~ and hence IDa, D2] < F p2n2 The 

_ _ 5~4-~'5 • 

lemma also implies that m,5 _< FsD~. Thus D~ -< F'~D2'2rF.~, :~J L ,~, D~] _< Fs(D~) 2 . .  

We have thus far proven that [D3, D2] _< FsF4(D3)2 ') 2. 
Now F.5 < [Ds, G] 2 4 8 4 8 = F9FsFaF 2 by Theorem 2.7 and hence F5 < F3F 2. 

Certainly Fa 4 _< (D.~) 2 and also F s _< (F92) 4 _~ D 4. We can therefore conclude 

that [D3, D2] _< F~(D~)< As F4 _< D~, we have that [Da, D2] <_ (D~)< There- 

fore, D3 is powerfully elnbedded in D2 and also powerful. 

Lemma 2.8,3 implies that [D4, D3] _< r r Dl , also Dl4 _< by Lelnlna 
2.3. Hence [D4, Da] < 2 2 _ FTFsD 7. The lemma also implies that D~ < FTD~. 

Therefore, n~ _< FT(D4).2 2 2[rr, D412 < rr(D42) 2 and thus [D4, D3] <_ r r r s (D4)2  2 2. 
Now F7 < [Ds, G;3] 2 4 8  _ = I ~ I l I ~ 7 F s [ '  4 by Theorem 2.7 and hence F7 _< r.sr 4 4  s _< D 4. 

Therefore, [D4, Da] _< F'2rD 2 ~ 2 5 ,  4, - As F4 _< D~, we have that [D4,Da] _< (D42) 2. 
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Therefore, D4 is powerfully embedded in D3 and also powerful. 

Now consider x, y ~ D2. Certainly (xy) 2 = x2y2[y, x]V. Lemma 2.8.3 implies 

that 
[Du, De] < F4Fa~Ds < n2nUn2 

- -  - -  *-'4 ~ ' 3  ~'4"  

Therefore, x2y 2 6 ((xy)D3) 2. As [D3, D2] < (D~) 2, we know that  (xy)D3 is 

powerful. Therefore, x2y 2 is the square of an element of D2 and we conclude 

that all elements of D4 = D22 are squares of elements of D2. As D4 is powerful 

by the above, every element of ~(e-1)(D4) is a 2 e-1 power of an element of 

D4 and hence a 2 e power of an element of D2. This completes the proof as 

D2e+~ = U(e-1)(D4) by Lemma 2.9. I 

We finish the proof of Theorem 4.1 by handling the general case with p = 2. 

PROPOSITION 4.7: Let G be a finite 2-group such that 72~+1 (G) < D2~+:(G ) for 
some k >_ 2. Then D2~+l (G) is powerful and D2~+~ (G) C_ {x 2t : x ~ G}. 

Proo~ Note that Lemma 2.9 implies that D2~+~ = D22~ and D2~+2 2 = D2~+~. In 
2 particular, F2*+, < D2~+~. 

We will first prove that D2*+~ is powerful. Lemma 2.8.3 implies that 

2 2 (Lemma 2.9) [D2~+~, D2~+,] < F2~.+2 F2~+,+2~D2~+~ = F~+=F2~+,+2~ D2~+~ 
2 2 2 = F2~+2F2~+1+2~ (D2~+~) - 

We know that F2k+~+2~-I _< [D2~+2, G; 2 k-l] and hence Theorem 2.7 implies 
that I~2k+l+2k-~ < F2k+2+2k-1 2 4 v l k + 2  F 2{ . Therefore, --  F 2 k + l  + 2 k - 1 F 2 k + 2 k - 1  1 1 i = 3  2k+2-~+2  k - t  

F.2k+t+2k-~ is contained in 4 ~k+2 4 F2~+2~-~ 11~=3 D2k+2k+~-3" This last product is equal 
4 4 to the largest subgroup, which occurs when i = 3 and hence is D2k+2k = D2~+,. 

Hence 

4 4 )2 4 2 4 2 4 4 
r.~+~+2~ < (r2~+2k_~D2k+~ < (I'2k+2k-~) (D2k+,) [D2k+~,r2k+2~-~] 

4 2 4 
< (r2k+2~--,) D2k+, 

< (D22 +, 2 4 (D22k+,)2. - +2k) D2k+l < 

Hence [D2k+l, D2k+,] _< F2k+2 (D2k+l)2. 

We know that F2k+2 < [D2k+2, G; 2 k+t] and hence Theorem 2.7 inlplies that 
• , 2 I - [ k + 2  2 i F2k+2 is contained in F2~+.+2~+lFak+2 1.1i=2 F2k+2-i+2k+l" Therefore, F2~+2 is 

contained in nk+2 n4 This product is equal to the largest subgroup, 
1 1 i = 2  ~-'2~'+2~+ ~-1 " 

which occurs when i = 2 and hence is D2~+,+2k4 < D2k+l.4 We can therefore now 
conclude that [D2k+l, D2k+l] < (D2k+,) 2 and hence D2k+1 is powerful. 
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Now consider x, y E D2~. We know that (xy) 2 = x2y2[y, x] y. The commutator 

[y, x] is in [D2k, D2k] and so we consider this subgroup. Lemma 2.8.3 implies that 

[D2k,D2k] < F2k+, 2 2 2 _ F2k +2 k- , D2k+2 = F2k+1 l"2k +2 k- i D2k+, 

D 2 F 2 D 2 2k+l 2k+2k--1 2k+l • 

Hence x2y 2 E ((xy)F2k+2k-lD2k+,) 2. We will show that (xy)F2k+2k-,D2k+, is 
powerful and hence conclude that x2y 2 is the square of an element of D2k. We 

will do this by proving that [I~2k+2k-1, D2k ] and [D2k+~, D2k ] are contained in 
((r2~+2k-, D2k+, )2)2. 

It is a consequence of the Three Subgroup Lemma that 

[D2k,F2k+2k-~] 
_< [D2k,G;2 k + 2  k-l] 

k 
2 4 2t 

----- F2k+1+2k-'F2k+'F2k+Zk-1+ 2k-2 H P2k+ 2k-I+ 2k-, (Theorem 2.7) 
i=3 

k 
_ t 'n2  ~2F4 D 4 
< F2k+l+2t : - I  t'L~2k+l } 2k+2k--1 H 2k+'--2+2k+~--3+2k--2 

i=3 

C2k+t+2k-x(D~k+, 2 4 4 = ) F2k +2k-I O2k+i +2k +2k-2 

= F2k+~+2~._ ~ 2 2 4 (D2~+,) r2~-+2k-,. 

4 4 We proved that F2k+t+2~.-, ~ F2k+2k_~D2k+, in our proof that D2k+~ is 
powerful. Therefore, [F2~+2k-~, D2k ] ~ ((F2~+2~-, D2~+l)2)2. 

Also, 

[D2k+, ' D2 ~ ] 2 = [D2~, D2~] 

<_ [D2 , D2 ]2[D2 , D2,., D2 ] 
2 2 2 _< [D2~,D2~] [F2~+.)~-,D2k+~,D2~] (as before) 
2 2 2 _< [D2~, D2~] [F2~+2~-,, D2~l[D2~+~, D2a] 
2 2 2 _< [D2~, D2~] [F2~+2~-,, D2k][D2~+~, D2~] [D2~+,, D2~, D2k+,]. 

Therefore, [D2~+,, D2~ ] is contained in [D2~, 2 2 D2~] [F2~+2~-,,D2k]. W'e have 
already seen that [F2~+2,-,,D2~ ] is contained in ((F2~+2k-~D2~+,)2) 2 and we 

2 2 know that [D2~,D2~ ] is contained in F2~+2~_~D2~+~ and hence [D2~,D2~] ~ is 
contained in ((F2~+2~-~ D2~+, )2)2. 

We have now proven that 3:2y 2 is contained in H 2 for a powerful subgroup H 

of D2~. Therefore, .r2y 2 is the square of an element of D2~ and we conclude that 
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every element of D~k is the square of an element of D2k. Hence every element of 

D2k+, is a square, giving the result of the proposition for ( = 1. 

Repeated applications of Lemma 2.9 imply that  D2k+~ = U(~-l)(D2k+~). As 

D2~+~ is powerful, every element of U(c-1)(D2~+~) is a 2 e-1 power of an element 

of D2k+~, and hence a 2 e power of an element of D2k. | 

5. P r o - p  g r o u p s  

In the introduction, we mentioned Shalev's paper [Sh] which is concerned with 

pro-p groups. We would like to discuss our results in this context. 

Our results all hold in finitely generated pro-p groups. None of our proofs 

relies on finite nilpotence class so no changes need to be made there. The only 

remaining concern in translating the proofs is that  care occasionally needs to 

be taken as certain results only hold up to closures of subgroups. However, 

s tandard results (see [DdMS]) imply that  dimension subgroups and terms of the 

lower central series and their products are closed. The only other subgroups 

we consider are of the form ( x ) N  where N is an open normal subgroup of G. 

Therefore, N has finite index and so (x)N is a finite union of closed sets and 

therefore closed as well. 
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